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Abstract. By using the real-space Green-Kubo formalism we study numerically the electron transport
properties of low-fluorinated graphene. At low temperatures the diffuse transport regime is expected to
be prevalent, and we found a pronounced electron-hole asymmetry in electrical conductivity as a result of
quasi-resonant scattering on the localized states. For the finite temperatures in the variable-range hopping
transport regime the interpretation of numerical results leads to the appearance of local minima and
maxima of the resistance near the energies of the localized states. A comparison with the experimental
measurements of the resistance in graphene samples with various fluorination degrees is discussed.
PACS. XX.XX.XX No PACS code given
1 Introduction
A theoretical investigation of novel 2d materials is an
important but challenging task. The first synthesized 2d
material, graphene, continues to be relevant today. Possi-
ble applications of graphene in various devices for high-
speed electronics[1,2] require significant modification of
its electronic properties.
Adatom adsorbtion on graphene sheet produces more
stable samples and greatly influences the physical charac-
teristics such as electrical and thermal conductivity, plas-
monics, optics, etc.[3] The recent progress in the experi-
ments with fluorinated graphene includes synthesis of par-
tially fluorinated samples with controlled degree of fluori-
nation (see, e.g., reviews [4,5]). In turn, this is what allows
precise tuning of the electronic bandgap [6].
Various factors can influence transport properties of
a micrometer-sized chemically modified graphene sample.
Among them are the presence of the electronic states lo-
calized on the adatoms, which can occur both inside the
gap and in one of the bands and induce either resonant (in
case of passivated graphene) [7] or non-resonant scatter-
ing. This is of importance in the diffuse transport regime.
For fluorinated graphene, special attention should be paid
to the spin-orbit interaction [8], especially for fluorinated
graphene nanoribbons [9], where the bandgap may arise
both due to fluorination, and from the geometrical quan-
tization. In particular, the role of spin-flip process in the
electrical transport is highlighted in [10] where the exis-
tence of additional transport channel within the bandgap
was shown. Another factor is the localization due to mul-
tiple scattering on defects and quantum interference that
gives rise to the phenomena of localization and hopping
transport. Several theoretical models for the description
of adatoms on graphene were formulated [11,12,13]. Due
to mutual influence of the aforementioned effects, it is nec-
essary to use modern numerical methods for the correct
description of the density of electronic states, conductiv-
ity and mobility in fluorinated graphene. Such methods
should combine large size of the supercell with the Hamil-
tonian derived from the first-principles calculation, which
takes into account the spin-orbit interaction. In this pa-
per, we use a real-space Green-Kubo method to calculate
electronic and transport properties of partally fluorinated
graphene both in diffuse and hopping transport regimes.
Our paper is organized as follows. In Section 2, the
computational formalism is discussed. The tight-binding
Hamiltonian for the fluorinated graphene, which includes
the spin-orbit interaction is described and the real-space
Green-Kubo method is introduced. In Section 3, the nu-
merical results for the diffuse transport regime are shown
and a comparison with analytic results for the density of
states is discussed. The case of finite-temperature variable-
range hopping transport is considered in Section 4. Section
5 is devoted to main conclusions.
2 Computational formalism
We start with the Green-Kubo formula for the zero-temperature
electrical conductivity
σGKµν (E) =
2πh¯e2
Ω
Tr[Vˆµδ(E −H)Vˆνδ(E −H)], (1)
where σGK is the conductivity tensor, h¯ is the reduced
Planck constant, e is the electron charge, Ω is the 2D
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volume, δ represents the delta function, E is the energy,
H is the Hamiltonian of the system and Vˆµ, µ = x, y is
the velocity operator in the µ direction. One can use the
Fourier transformation of one delta-function δ(E −H) =∫∞
−∞
exp(i(E −H)t/h¯)dt/2πh¯, so that the conductivity is
written as
σGK =
e2
Ω
∫ ∞
−∞
dtT r[eiHtVˆ e−iHtVˆ δ(E −H)], (2)
where Vˆ is the velocity operator in the x direction. Us-
ing Eq.(2), one can get the Green-Kubo formula for the
running electrical conductivity σGK(E, t) and the density
of states (DOS) ρ(E) from the velocity autocorrelation
function Cvv as
σGK(E, t) = e2ρ(E)
∫ t
0
Cvv(E, t)dt, (3)
Cvv(E, t) =
Tr[ 2Ω δ(E −H)(Vˆ (t)Vˆ + Vˆ Vˆ (t))/2]
Tr[ 2Ω δ(E −H)]
, (4)
ρ(E) = Tr[
2
Ω
δ(E −H)], (5)
where Vˆ (t) = Uˆ †(t)Vˆ Uˆ(t) = eiHt/h¯Vˆ e−iHt/h¯ is the ve-
locity operator in the Heisenberg representation and ρ(E)
is the density of states. Furthermore, by integrating the
Green-Kubo formula, one can find the Einstein formula
for the running electrical conductivity (REC) as a deriva-
tive of the mean square displacement (MSD) ∆X2(E, t),
which is also known as Roche-Mayou formula [14]
σE(E, t) = e2ρ(E)
1
2
d
dt
∆X2(E, t), (6)
∆X2(E, t) =
Tr[ 2Ω δ(E −H)(Xˆ(t)− Xˆ)2]
Tr[ 2Ω δ(E −H)]
, (7)
where Xˆ(t) = Uˆ †(t)XˆUˆ(t) is the x-coordinate operator in
the Heisenberg representation. To estimate the conductiv-
ity from the running conductivity, we use the large time
limit σ(E) = limt→∞ σ
E(E, t). One can also estimate the
transport regime from the running electrical conductivity
by comparing the REC with the mean square displace-
ment
∆X(E, t) =
√
∆X2(E, t), (8)
where in the ballistic regime the REC would be constant,
in the diffuse transport regime σE ∼ ∆X−1 (the resistance
increases linearly with the length of the sample), and in
the localized regime σE ∼ exp(−∆X/ζ) with ζ being the
localization length. Notice, however, that in real samples
of finite size the intermediate regime can occur (see [15]).
For the numerical calculation of the conductivity from
the Roche-Mayou formula (6), the kernel polynomial method
is used [16]. First, we normalize the Hamiltonian, energy
and time as H → H/∆E,E → E/∆E, t → t∆E, where
∆E is the scaling energy parameter, so that the eigenval-
ues of scaled Hamiltonian lies within the interval [-1,1].
By expanding the delta function in (6) by the Chebyshev
polynomials Tn(E), n = 0 . . .Nm − 1, one can find
ρ(E) = A
Nm−1∑
n=0
gn(2 − δn0)Tn(E)CDOSn , (9)
ρ(E)∆X2(E, t) = A
Nm−1∑
n=0
gn(2 − δn0)Tn(E)CMSDn (t),(10)
A =
2
πΩ∆E
√
1− E2 ,(11)
where gn = (1− nα) cos(πnα) +α sin(πnα) cot(πα) is the
Jackson damping function, α = 1/(Nm + 1), δij is the
Kronecker symbol, Tn(E) is the nth Chebyshev polyno-
mial, and CDOSn , C
MSD
n (t) are the Chebyshev moments.
The moments are found by the kernel polynomial method
[16] using Nr random vectors |φ >
CDOSn ≈< φ|Tn(H)|φ >, (12)
CMSDn ≈< φ|[Xˆ, Uˆ(t)]†Tn(H)Uˆ †[Xˆ, Uˆ(t)]|φ > . (13)
By using (9), (6) and (12), (13) the density of states and
electrical conductivity are estimated. To calculate the cor-
relators [Uˆ(t), X ], the recursive algorithm is used (see [17,
18]). Note that by limiting the delta function expansion
with Nm Chebyshev polynomials we achieve the finite en-
ergy resolution determined as dE ≈ π∆E/Nm. As for
the estimation of the relative error due to the finite num-
ber of random vectors, it decreases with Nr increasing as
1/
√
NNR, where N is the dimension of the Hamiltonian.
Therefore, the real-space Green-Kubo method is especially
useful for large systems.
To describe the electronic properties of fluorinated graphene,
a tight-binding approach with inclusion of the phenomeno-
logical spin-orbit coupling terms is implemented [8]. While
the spin-orbit interaction constant in pristine and poly-
crystalline graphene is estimated as ≈ 10 µeV [19], in the
chemically modified graphene it increases to several meV.
In the latter case, accounting for the spin-orbit interaction
in the highly fluorinated samples leads to the new spin-
flip scattering channel in the band gap [9] playing major
role in the electron transport. The tight-binding model in-
cludes the π-orbitals of carbon atoms (with annihilation
operators cˆi,σ for atom i and spin σ) and pz-orbital of the
fluorine atoms on the top of the carbon atom i with anni-
hilation operators Fˆi. The total Hamiltonian of the system
can be obtained in the form
H = H0 +H
′ +HSO, (14)
where H0 is the Hamiltonian of the pristine graphene
H0 = t
∑
<i,j>
∑
σ
(cˆ†i,σ cˆj,σ + cˆ
†
j,σ cˆi,σ), (15)
where t=2.6 eV is the orbital hopping parameter, the
sum runs over all the nearest neighboring carbon atoms
< i, j > (A and B type), H ′ describes the interaction be-
tween fluorine and carbon atoms
H ′ = ǫF
∑
k
∑
σ
Fˆ †k Fˆk + T
∑
k
∑
σ
(Fˆ †k cˆk + cˆ
†
kFˆk). (16)
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Here k runs over all the fluorinated carbon atoms, ǫF is
the on-site energy on the fluorine adatom, and T is the or-
bital hopping term between the fluorine adatom and the
fluorinated carbon. The spin-orbit term HSO =
∑
kHSO,k
takes into account the spin-orbit interaction in the fluo-
rinated graphene. For the atom k with (say) type A the
spin-orbit terms include interactions between k and its
nearest-neighboring B-type atoms k′, as well as the two
terms representing interactions between k′:
HSO,k =
iΛBI
3
√
3
∑
<<k′,k′′>>
∑
σ
cˆ†k′,σνk′,k′′(sˆz)σσ cˆk′′,σ +
+
2iΛR
3
∑
k′∈knn
∑
σ 6=σ′
(cˆ†k,σ(sˆ× dkk′ )z,σσ′ cˆk′,σ +H.c.) +
+
2iΛBPIA
3
∑
<<k′,k′′>>
∑
σ 6=σ′
cˆ†k′,σ(sˆ× dk′,k′′)z,σσ′ cˆk′′,σ(17)
where B-type atoms k’, k” are the nearest neighbours
(k′ ∈ knn) for the A-type fluorinated atom k and 2nd
neighbours for each other (which is represented by the
summation << k′, k′′ >>), dij is the vector connecting
sites i and j, and νij = ±1 if the path ikj is counterclock-
wise (clockwise), see [8] for detail. We include the equal
number of randomly distributed fluorinated atoms in the
system with fluorine concentrations 0.5% and 1%. To en-
sure the self-consistency of the scheme, no two fluorinated
carbon atoms are the nearest neighbors. The parameters
for the Hamiltonian are presented in 2. We have calculated
the density of states, electrical conductivity and electron
mobility of the samples.
F concentration T , eV ǫF , eV Λ
B
I , meV Λ
B
PIA, meV Λ
B
R , meV
0.5% 6.1 -3.3 3.2 7.9 11.3
1% 5.5 -3.2 3.3 7.3 11.2
To provide comparison with the calculations of the
density of states, an analytical approximation for the change
in the density of states based on the Lo¨wdin-Schrieffer-
Wolff transformation is used:
δν(E) =
1
π
Im[
α(E)
1− α(E)G0(E)
∂
∂E
G0(E)], (18)
where α(E) = T 2/(E − ǫF ), and the Green’s function per
spin per atom can be approximated with the function
G0(E) ≈ E
D2
[ln| E
2
D2 − E2 | − iπsgn(E)Θ(|D −E|)], (19)
where D = t
√√
3π ≈ 6 eV (see [8,20]). Furthermore, the
electron (hole) carrier density was calculated for T=300
K from the density of states as
nh(EF ) =
∫ ED
−∞
ρ(E)(1 − f(E − EF ))dE, (20)
ne(EF ) =
∫ ∞
ED
ρ(E)f(E − EF )dE, (21)
where ED is the graphene Fermi energy at zero gate volt-
age, and f is the Fermi-Dirac distribution function. The
conductivity can also be expressed as a function of the
carrier mobility µ and density ni, i = e, h as σ = eniµ, so
that the mobility is found as µ(E) = σ(E)/(eni).
3 Numerical results
We have calculated the density of electronic states, elec-
trical conductivity and electron mobility by the numeri-
cal methods described above. For the DoS calculations we
used Nm = 1600 Chebyshev moments and Nr=32 random
states, while for the conductivity and mobility calculations
we used Nm=900 moments and Nr=64 random states. We
have performed the time evolution for the times t ≤ 120
fs. The density of states (per eV per atom) as a function
−1.0 −0.5 0.0 0.5 1.0
E, eV
0.000
0.005
0.010
0.015
0.020
0.025
0.030
0.035
Do
S
0.5% numeric
0.5% model
1% numeric
1% model
Fig. 1. The density of states (per atom, per eV) as a func-
tion of energy, found numerically using (9) and with analytic
approximation (18).
of energy is shown in Fig.1. One can see the increase in
DoS at E≈-0.3 eV and E≈-0.6 eV for 0.5% and 1% fluo-
rine concentrations, respectively. For the positive energies,
the DoS is close to that in pristine graphene. The peaks in
the density corresponding to the localized states appear at
the energies lower than those predicted by the analytical
model (18) (dashed lines, see [8]). In our calculations, the
energy scale resolution can be approximated as 0.02 eV,
which does not allow us to examine the detailed structure
of the DoS at E=0. Nevertheless, one can see some finite
DoS increasing with the increase of adatom concentration,
which contradicts the existence of a small band gap in the
analytical model. One should note that the absence of the
DoS at E=0 in the analytical description is an artefact of
the model approach, where the elimination of the defects
within the Lo¨wdin-Schrieffer-Wolff transformation elimi-
nates the localized states in the band gap as well.
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Fig. 2. The normalized running electrical conductivity σE(E, t)/σmax(E) vs time (fs), for 0.5% (left) and 1% (right) fluorine
concentration.
Fig.2 shows the normalized value of running electrical
conductivity (REC, σE(E, t)) as a function of simulation
time (in fs) for energies E =-0.5, 0 and 0.5 eV. One can
see the conductivity to converge at times t > 100 fs, which
is more pronounced for the positive values of energy.
The normalized inverse running electrical conductivity
1/σE(E, t) vs the normalized mean square displacement
is shown in Fig. 3 (see (8)). The diffuse transport regime
with the (almost) linear dependence of the inverse REC on
the MSD is present for considered simulation times (t > 50
fs) and system sizes (∆X ≈ 1..5µm). For larger simulation
times, some characteristics of the localized regime can be
observed.
The electrical conductivity as a function of energy is
shown in Fig.4. As seen, the conductivity decreases with
increasing concentration of adatoms and is almost linear in
energy for E > 0. For the negative energies, the conductiv-
ity is markedly reduced due to scattering on the localized
states and has highly non-linear behavior. More specifi-
cally, the conductivity is significantly decreased in a wide
energy interval whose center is at the peak of DoS (see
Fig.1) and the width significantly exceeds the half-width
of the peak. Fig.5 shows the electrical conductivity as a
function of the carrier density n for the holes (n < 0) and
electrons. For electrons, the square-root behaviour of the
conductivity vs the carrier concentration is found, which
is characteristic of diffuse scattering. For holes, the con-
ductivity has a non-linear dependence on the carrier con-
centration due to the scattering on the localized states.
In Fig.6 the carrier mobility as a function of carrier con-
centration is present. One can see the clear µ ∼ n−1/2e
behaviour for the case of electrons, which is typical for
the diffusive transport regime. The mobility of holes does
not follow the diffusive behaviour, but rather follows the
power-law one nαh , where −1/2 ≤ α ≤ 0 for low con-
centrations and is reduced for higher concentrations. One
should also note the slight increase of the mobility with
the concentration of the adatoms increasing for low hole
concentrations in contrast with the case of electrons.
It is necessary to emphasize the existence of two im-
portant factors that were not included in the Green-Kubo
scheme presented above. The first one is a finite size of
the graphene sample. Within the real-time Green-Kubo
formalism we calculate the conductivity for certain val-
ues of the time ensuring the presence of diffuse trans-
port regime for times considered. Nevertheless, the mean
square deviation may exceed the length of the sample and
thus the transport in a sample of finite size can be a mix-
ture of diffuse and localized regimes at different energies.
The second factor is the presence of temperature fluctua-
tions that are enabling the hopping transport regime. At
small temperatures, the diffusion coefficient as a function
of time (and therefore, the REC) determines the transport
regime [21]: with the elastic mean free path being much
smaller than the localization length, the diffusion coeffi-
cient tends to be constant at larger times thus leading to
the diffusive regime. On the other hand, when the local-
ization length determined by the quantum interference is
compatible with elastic scattering mean free path, local-
ization occurs, which leads to the exponential decay of
the diffusion coefficient. When the temperature is increas-
ing, the hopping transport mechanism becomes prevalent,
which will be discussed below.
4 Finite-temperature transport properties
For fluorinated graphene with relatively high fluorine con-
tent, main conductance mechanism is expected to be the
hopping conductivity [22,23] due to the localization ef-
fects, which is also true for other types of adatoms [24].
The resistance for the case of the hopping conductivity is
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Fig. 3. The normalized inverse running electrical conductivity 1/σE(E, t) vs the normalized mean square displacement
∆X(E, t)/∆Xmax(E), for 0.5% (left) and 1% (right) fluorination.
−1.00 −0.75 −0.50 −0.25 0.00 0.25 0.50 0.75 1.00
E, eV
0
5
10
15
20
σ,
e2
/h
0.5%
1%
Fig. 4. The electrical conductivity (in e2/h) as a function of
energy.
described with the following empirical relationship:
RV RH = R0 exp
[
(
ε0
kBT
)α
]
, ε0 =
13.8
χ2ρ(EF )
, (22)
where α = 1/3 for the case of 2D variable range hopping
(VRH), kB is the Boltzmann constant, χ is the localiza-
tion length, and ρ(EF ) is the density of states (per eV
per area) at the Fermi energy. Taking into account the
density of states and neglecting the dependence of the lo-
calization length on the temperature and energy, one can
try to apply eq. (22) to estimate the resistivity for the
VRH transport mechanism. Fig. 7 shows the 2D-VRH re-
sistivity as a function of the gate energy for the constant
localization length χ ≈ 10 nm. One can see that the peak
in the density of states (see Fig.1) corresponds to the local
minima in the resistivity and vice versa. We also assume
−3 −2 −1 0 1 2 3
n x 1012 cm−2
0
5
10
15
20
σ,
e2
/h
C√ |n|
0.5%
1%
Fig. 5. The electrical conductivity as a function of carrier den-
sity, where negative (positive) density represents holes (elec-
trons), respectively.
that near the peak energy the DoS as a function of en-
ergy changes faster than the localization length making
the χ = const approximation valid for this energy region.
As for the temperature dependence, one can see that the
position of the minima in the resistance as a function of
energy (or gap voltage) is fixed for different temperatures,
unlike the position of the local maxima. Increase in the
fluiorine concentration leads to the more pronounced min-
ima and maxima, appearing at the lower absolute value
of energies (or gate voltages), while the increasing tem-
perature leads to the smoothening of falls and peaks, thus
leading to the more symmetrical behaviour of the resis-
tance vs the gate voltage. It should be noted that these
results are in general agreement to those obtained in the
experiment [23] for the higher concentrations of fluorine
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Fig. 6. The electron mobility as a function of carrier density for electrons (left) and holes (right).
at low temperatures (”10 min” and ”30 min” fluorination
time and 78 K). Nonetheless, the measurements for the low
fluorine concentration (”0.5 min”) shows no sign of peaks
or asymmetry. One can also expect the diffuse transport
mechanism to play significant role at very low temper-
atures, where the Mott-type VRH would be suppressed.
The role of the diffuse transport is expected to be signif-
icant for electrons, while for the holes the resonant-like
scattering of carriers would make it negligible. Thus, we
would like to note the different effects of diffuse and 2D-
VRH conductivity mechanisms on the asymmetry of the
resistivity: the 2D-VRH mechanism will reduce the hole-
type resistance with the energy corresponding to the peak
of DOS while the diffuse mechanism will instead decrease
the overall electron resistance, and increase the intensity
of maxima and minima for the holes.
5 Conclusion
We have numerically calculated the electronic and trans-
port properties of fluorinated graphene with 0.5 and 1 %
fluoride content. We have included the low-lying orbitals
for carbon and fluorine atoms into the tight-binding model,
that also takes into account the spin-orbit interaction. We
have found the non-resonant peak in the density of states
to appear at the energies below the Fermi energy, which
is in the general agreement with the analytical Lo¨wdin-
Schrieffer-Wolff model. The position of the peak shifts to
the lower energies with the increase of fluorine concentra-
tion. We have calculated electrical conductivity and mo-
bility limited by the adatom scattering. For the electrical
conductivity, we have found it to have asymmetric be-
haviour. For the electron conductivity, it has a distinct
diffusive behaviour. For the holes, the conductivity is sig-
nificantly suppressed and is deviating from the standard
diffusive behaviour, which can be attributed to the quasi-
resonant scattering on the adatoms. A similar pattern can
be observed for the carrier mobility as a function of carrier
density, where the hole mobility is decreased compared to
the electron mobility and the µ ∼ n−1/2 behaviour is re-
placed with more complex non-linear behaviour.
We have also investigated a different transport regime
(the variable-range hopping transport at finite tempera-
tures), and estimated the resistivity as a function of tem-
perature and energy (or gate voltage). Several experiments
on the electron transport in fluorinated graphene were per-
formed [22,23], and in the later case the hole resistance
was found to show a non-linear dependence on the gate
voltage in some cases. We propose two mechanisms to de-
scribe this behaviour. The first one is based on the empiric
2D-VRH law and the presence of the peaks in the density
of states for certain values of energies. This leads to a
significant decrease of the VRH resistance, which is ex-
pected for the corresponding gate voltages. The decrease
is more pronounced for lower temperatures, and the value
of the gate voltage of the local minima is expected to
be temperature-independent. The second mechanism ad-
ditionally takes into account the diffuse resistance that
leads to the better pronounced local minima and max-
ima of resistance, as well as to the overall decrease of the
resistance for the electrons. While certain features cor-
responding to the first mechanism were observed in [23],
manifestations of the second mechanism have not yet been
found. One should expect them to be more pronounceable
for the lower temperatures and medium fluorine concen-
trations.
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Fig. 7. The variable range hopping resistance vs energy in the whole interval (top) and near the peaks of DoS (bottom) for
0.5% (left column) and 1% (right column) fluorination content.
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